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Abstract
We propose a quasi-local stress tensor for the four-dimensional asymptotically flat Robinson-
Trautman geometries by taking the flat-space limit from the corresponding asymptotically AdS
solutions. This stress tensor results in the correct charges of the generators of BMS symme-
try if we define conformal infinity by an anisotropic scaling of the metric components. Using
flat-space holography this stress tensor is related to expectation values of the stress tensor in
a dual field theory called BMS-invariant field theory (BMSFT). We also calculate the two and
three point functions of the proposed stress tensor.
1
1 Introduction
According to the proposal of [1, 2], the holographic dual of asymptotically flat spacetimes in
(d+1) dimensions are d-dimensional field theories which are invariant under BMS symmetry
(BMSFT). On the gravity side, BMS symmetry is the asymptotic symmetry of the asymptotically
flat spacetimes at null infinity [3, 4, 5, 6, 7]. Similar to the AdS/CFT correspondence, the
asymptotic symmetry of the gravity theory in the bulk is the same as the exact symmetry of
the filed theory living on the boundary. BMS symmetry in three and four dimensions is infinite-
dimensional. Hence, similar to the two-dimensional conformal field theories (CFT2), one would
expect some universal properties for the dual BMSFT2 and BMSFT3. These properties can be
studied by holographic methods in the context of Flat/BMSFT correspondence.
Taking the flat-space limit (zero cosmological constant limit) from the asymptotically AdS
spacetimes, written in the suitable coordinates, results in the asymptotically flat spacetimes. It is
plausible to find some aspects of BMSFTs by starting from AdS/CFT correspondance and taking
the flat space limit. Most of the previous works have been concentrated on BMSFT2 (see [8, 9]
for a complete list of related works). However BMSFT3 is also interesting due to its holographic
connection with four-dimensional spacetimes. In this paper we focus on the latter case.
Our approach in this paper is similar to [10, 11, 12, 13]. We start from some asymptotically flat
solutions and find the asymptotically AdS spacetimes whose flat-space limit leads to the original
asymptotically flat metric. Then, we use the dictionary of AdS/CFT to find the quasi-local stress
tensor of the corresponding asymptotically AdS spacetimes [14]. We take the flat-space limit of
the stress tensor components and propose the quasi-local stress tensor of the asymptotically flat
spacetimes. Using stress tensor components and applying Brown and York’s method [15], we
calculate the corresponding charges of symmetry generators. Our results are exactly the same as
the charges derived by covariant phase space method [16, 17, 18].
The stress tensor components are given in terms of the parameters of the gravity solution.
Variation of these parameters with respect to the symmetry generators is used to derive variation
of the stress tensor components. We can use them on the boundary side and impose invariance
of the stress-tensor correlators under the action of the global part of the BMS symmetry to
derive the universal forms of BMSFT3 stress tensor one, two and three point functions. The
final correlators are consistent with those of [19], where the results are obtained by using the
highest-weight representation of the BMS4 algebra.
We have used the above approach for BMSFT2 in papers [10, 11, 13] and for the quasi-local
stress tensor of the Kerr black hole in [12]. In this paper we apply our method for a class of four-
dimensional asymptotically flat spacetimes known as Robinson-Trautman (RT) solutions [20] (see
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also [21] ). Schwarzschild black hole and non-rotating time-dependent solutions are in this cate-
gory. RT solutions with the negative cosmological constant have been studied in the context of
AdS/CFT correspondence [22]-[25]. Although they are not invariant under the action of a generic
BMS transformation, but it is not difficult to check that these types of solutions, with the zero
cosmological constant, satisfy the BMS boundary conditions introduced in [6, 7]. It is straight-
forward to write down the corresponding asymptotically AdS geometry of an asymptotically flat
RT type solution. This property makes it easy to holographically study the asymptotically flat
RT solution by starting from the AdS/CFT correspondence and taking the flat-space limit.
The quasi-local stress tensor of the asymptotically AdS RT spacetimes are given by the
dictionary of AdS/CFT correspondence. Although, taking the flat-space limit from the metric
components is straightforward but stress tensor components are either zero or singular after taking
the naive flat-space limit. Hence, similar to [10, 11, 12, 13], we first multiply appropriate powers
of AdS radius and then take the flat-space limit. In order to show that our proposed stress
tensor is correct, we shall use it to compute the conserved charges of symmetry generators. To
do so, we use the Brown and York’s method [15] which needs an integration over a surface. The
well-known definition of conformal infinity for the four-dimensional asymptotically flat spacetimes
yields a two-dimensional surface. Apparently, BMSFT3 cannot live on these surfaces. To solve
the problem we define spacetimes where BMSFT coulde live on it by using an anisotropic scaling
of the asymptotically flat metric. Currently we do not know a clear justification of this proposal
but it should be similar to the non-relativistic holography discussed in [26]. In our previous
works [10, 11, 12, 13], we have successfully used this idea to compute charges by using proposed
flat-space stress tensor. Our observation shows that if we find an asymptotically flat spacetimes
by taking flat-space limit from an asymptotically AdS spacetimes, the dual BMSFT lives on a
spacetime which has the same metric as the spacetime which CFT lives on it but the AdS radius
should be replaced by proper powers of Newton’s constant.
This paper is organized as follows: in section two, we briefly review Flat/BMSFT correspon-
dence and Robinson-Trautman geometries. In section three we propose the quasi-local stress
tensor of asymptotically flat Robinson-Trautman geometries and use it to compute the corre-
sponding charges of the BMS symmetry. In section four we calculate the correlators of BMSFT4
stress tensor. Last section is devoted to conclusions.
2 Flat-space holography and Robinson-Trautman geometry
Asymptotic symmetry of the asymptotically flat spacetimes at null infinity in three and four
dimensions is infinite dimensional [5, 6, 7]. These symmetries which are the extensions of Poincare
3
symmetry are known as the BMS symmetries. Similar to the two dimensional conformal symmetry,
the generators of BMS3 and BMS4 are not globally well-defined and divided into two parts: super-
translation and super-rotation. They are the infinite extensions of translation and rotation of the
Poincare symmetry.
In this paper we focus on Einstein gravity in four dimensions. The BMS4 algebra is given by
[Lm, Ln] = (m− n)Lm+n, [L¯m, L¯n] = (m− n)L¯m+n, [Lm, L¯n] = 0,
[Ll,Mm,n] =
(
l + 1
2
−m
)
Mm+l,n, [L¯l,Mm,n] =
(
l + 1
2
− n
)
Mm,n+l. (2.1)
where l,m and n are integers and Poincare sub-algebra is given by {L0, L±1, L¯0, L¯±1,M00,M01,M10,
M11}. The first six generators are the generators of the Lorentz symmetry and the last four gen-
erate translation. Thus, Ln and L¯n for all integers n are known as super-rotations and Mnm are
super-translations.
A useful representation for the generators of algebra (2.1) is achieved if one starts from a
generic solution of Einstein gravity, in an appropriate gauge (known as BMS gauge), and imposes
particular boundary conditions [6, 7]. In the coordinate x0 = u, x1 = r, x2 = θ and x3 = φ,
metric of the four-dimensional asymptotically flat spacetime is given by
ds2 = e2β
V
r
du2 − 2e2βdudr + gAB
(
dxA − UAdu) (dxB − UBdu) (2.2)
where A,B = 2, 3 and V, β, UA, gAB are functions of coordinates. The boundary conditions which
result in (2.1) are given by [6, 7]
guu = −2r∂uϕ− e−2ϕ + ∇¯ϕ+O(r−1), gur = −1 +O(r−2),
guA = O(1), grr = grA = 0, gAB = r2γ¯AB +O(r), (2.3)
where ϕ = ϕ(u, θ, φ), γ¯ABdx
AdxB = e2ϕ
(
dθ2 + sin2 θdφ2
)
and ∇¯ denotes the Laplacian with
respect to γ¯AB.
According to the AdS/CFT correspondence, the symmetry of the dual field theory is the same
as the asymptotic symmetry of the gravity solutions. Thus, it makes sense to think of BMS sym-
metry as the symmetry of the dual theory of the asymptotically flat spacetimes. More precisely,
algebra (2.1) denotes the symmetries of the dual three-dimensional theory of the four-dimensional
asymptotically flat spacetimes (2.2). The observation of [2] is that the whole BMS3 and the
global part of BMS4 algebra (2.1) are given by an ultra-relativistic contraction of the conformal
symmetry in two and three-dimensions, respectively. Thus BMSFTs are ultra-relativistic field
theories.
Asymptotically flat spacetimes given by (2.2) are dual to some states in the dual BMSFT.
In the gravity side, distinct solutions are characterized by functions V, β, UA and gAB satisfying
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some equations which are resulted in from the Einstein field equations. Although explicit forms
of these functions are not known but it is possible to find their expansions in terms of the r
coordinate [6, 7]. In this paper we restrict our analysis to a specific class of (2.2) with UA = 0.
More explicitly, we consider asymptotically flat spacetimes with line-element
ds2 = −qdu2 − 2dudr + 2r2eP (u,ζ,ζ¯)dζdζ¯, (2.4)
where ζ and ζ¯ are complex coordinates given by ζ = eiφ cot θ2 and ζ¯ = e
−iφ cot θ2 and q is given by
q = −2M(u)
r
+ r∂uP (u, ζ, ζ¯)− e−P (u,ζ,ζ¯)∂ζ∂ζ¯P. (2.5)
The functions M and P must satisfy the following equation:
3M∂uP + 2∂uM + e
−P∂ζ∂ζ¯
(
e−p∂ζ∂ζ¯P
)
= 0. (2.6)
The line-element (2.4) is known as the Robinson-Trautman geometry (RT). The Schwarzschild
black hole and asymptotically flat time dependent solutions can be put in this form.
Starting from (2.2) , one can find the generic form of the asymptotic killing vectors ξµ which
respect the boundary conditions (2.3) [6, 7]:
ξu = f(u, ζ, ζ¯),
ξζ = F (ζ)− 1
r
e−P∂ζ¯f,
ξζ¯ = F¯ (ζ¯)− 1
r
e−P∂ζf,
ξr = −1
2
r (f∂uP + k) + e
−P∂ζ∂ζ¯f, (2.7)
where
k = e−P
(
∂ζ
(
ePF
)
+ ∂ζ¯
(
eP F¯
))
, (2.8)
f = e
P
2
(
T (ζ, ζ¯) +
1
2
∫
du e−
P
2 k
)
. (2.9)
F (ζ), F¯ (ζ¯) and T (ζ, ζ¯) are arbitrary functions of the complex coordinates (ζ, ζ¯). Generators Ln,
L¯n and Mnm of BMS4 algebra (2.1) are given by
Ln = ξ
(
F (ζ) = −ζn+1, F¯ (ζ¯) = 0, T (ζ, ζ¯) = 0) ,
L¯n = ξ
(
F (ζ) = 0, F¯ (ζ¯) = −ζ¯n+1, T (ζ, ζ¯) = 0) ,
Mmn = ξ
(
F (ζ) = 0, F¯ (ζ¯) = 0, T (ζ, ζ¯) = ζmζ¯n
)
. (2.10)
The RT spacetimes (2.4) are characterized by two functions M and P . Variation of these
functions under the action of the asymptotic killing vectors (2.7) reads
δξP = 0,
δξM = 2f∂uM + 3M (k + f∂uP )− e−P
[
∂ζf ∂ζ¯
(
e−P∂ζ∂ζ¯P
)
+ ∂ζ¯f ∂ζ
(
e−P∂ζ∂ζ¯P
)]
. (2.11)
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It is clear from the variation of M that the transformation (2.7) do not respect the form of the
RT solutions and after the BMS transformation, the final spacetime is in the form of (2.2) with
UA 6= 0.
3 Anisotropic conformal boundary and Robinson-Trautman stress
tensor
A possible way to study the flat-space holography is taking the flat-space limit from the AdS/CFT
calculations. In this method, it is necessary to find a corresponding asymptotically AdS metric
for each of the asymptotically flat spacetimes which are related by taking the flat-space limit.
An interesting property of the RT solutions is that for all of the possible values of the cosmo-
logical constant (including zero value), metric is given by (2.4). The functions q and P of the
asymptotically flat solutions are given by taking the flat-space limit from their asymptotically
AdS counterparts. For the asymptotically AdS solutions, q is given by
q = −2M(u)
r
+ r∂uP (u, ζ, ζ¯)− e−P (u,ζ,ζ¯)∂ζ∂ζ¯P +
r2
ℓ2
(3.12)
where ℓ is the AdS radius.
In this section, starting from the asymptotically AdS RT solutions, we take appropriate flat-
space limit from the components of the stress tensor to propose asymptotically flat RT stress
tensors. Then we justify our proposal.
We consider Einstein gravity with negative cosmological constant in four-dimensions,
S0 =
1
16πG
∫
dx4
√−g
(
R+
6
ℓ2
)
. (3.13)
RT spacetimes, with q given by (3.12) and appropriate functions P satisfying the equations
of motion, are solutions of this theory. The quasi-local stress tensor of these solutions is given by
the Brown and York method [14, 15],
T µν =
2√−γ
δS
δγµν
, (3.14)
where γµν = gµν − nµnν is the boundary metric and nµ is the outward pointing normal vector to
the boundary. S is given by
S = S0 − 1
8πG
∫
∂M
d3xK + Sct, (3.15)
where K is the extrinsic curvature of the boundary and Sct has the following form
Sct = − 1
4πGℓ
∫
∂M
d3x
√−γ
(
1− ℓ
2
4
R(3)
)
, (3.16)
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where R(3) is the Ricci scalar of γµν . Sct has to be added to remove the divergent terms at the
boundary [14]. Using (3.14)-(3.16) we find the stress-tensor components as
Tuu =
M
4πGrℓ
,
Tuζ = Tζu = − ℓ
16πGr
∂ζ
(
e−P∂ζ∂ζ¯P
)
,
Tuζ¯ = Tζ¯u = −
ℓ
16πGr
∂ζ¯
(
e−P∂ζ∂ζ¯P
)
,
Tζζ = − ℓ
3eP
16πGr
∂ζ
(
e−P∂u∂ζP
)
,
Tζ¯ζ¯ = −
ℓ3eP
16πGr
∂ζ¯
(
e−P∂u∂ζ¯P
)
,
Tζζ¯ = Tζ¯ζ =
ℓMeP
8πGr
(3.17)
We would like to take the flat-space limit from these components and propose a stress tensor for
the asymptotically flat RT solution. The flat-space limit is given by G/ℓ2 → 0 while keeping G
fixed1. It is clear from (3.17) that in this limit the stress tensor components are either zero or
singular. Thus the direct limit is not well-defined. However, it is possible to define the stress
tensors of the asymptotically flat cases by taking limit from the multiplication of corresponding
components in the asymptotically AdS cases to some powers of G/ℓ2 → 0. This method has
been used previously in [10, 11, 12, 13], for several cases. We expect that this method results in
correct components of RT stress tensor. However, in all of the previous examples [10, 11, 12, 13],
the stress tensor components were just a function of ℓ or 1/ℓ. ℓ3 factors in Tζζ and Tζ¯ζ¯ are new.
Apparently, the method of [10, 11, 12, 13] needs to be refined in this case. In this paper we do
not intend to study this problem but we would like to restrict our calculation to the case that the
method of [10, 11, 12, 13] is applicable. Thus we consider the RT solutions whose P function is
u-independent. Although this choice of P reduces the generality of our results but it still consists
a large class of asymptotically flat solutions including Schwarzschild black hole.
Another point is that the conservation of stress tensor of the asymptotically flat case requires
that the components with one u index, become non-symmetric. The fact that BMSFTs are
not relativistic theories may justify this non-symmetric stress tensors. From the bulk point of
view although BMS symmetry is asymptotic symmetry which includes four-dimensional Poincare
sub-group but boundary BMSFT3 does not contain three-dimensional Poincare symmetry.
Putting all together and setting G = 1, we propose the following components for the asymp-
1G/ℓ2 is dimensionless in four-dimensions.
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totically flat RT solutions with u-independent P :
Tuu =
M
4πr
,
Tuζ = − 1
16πr
∂ζ
(
e−P∂ζ∂ζ¯P
)
, Tζu = 0,
Tuζ¯ = −
1
16πr
∂ζ¯
(
e−P∂ζ∂ζ¯P
)
, Tζ¯u = 0,
Tζζ = 0, Tζ¯ ζ¯ = 0,
Tζζ¯ = Tζ¯ζ =
MeP
8πr
, (3.18)
where M =M(u) and P = P (ζ, ζ¯), using equation of motion, satisfy
2∂uM + e
−P∂ζ∂ζ¯
(
e−p∂ζ∂ζ¯P
)
= 0. (3.19)
From the above equation we conclude that M is a linear function of u coordinate. In the rest of
this section we try to justify our proposal (3.18).
Now we want to show that the proposed RT stress tensor (3.18) results in the correct charges
of the symmetry generators. To do so, we use the Flat/BMSFT correspondence which proposes
that the stress tensor (3.18), calculated in the gravity side, is also the stress tensor of BMSFT.
u, ζ and ζ¯ are coordinates of the spacetime on which BMSFT lives and r is just a constant in
this view. The main challenging problem is to determine the spacetime metric on which BMSFT
lives. For the asymptotically AdS RT metric, given by (2.4) and (3.12), the dual CFT lives on
the spacetime whose metric is simply given by the standard definition of the conformal boundary.
For the current case, metric of the boundary reads
ds2 =
r2
ℓ2
(−du2 + 2ℓ2eP dζdζ¯) . (3.20)
Definition of the conformal infinity for the asymptotically flat spacetimes leads to a two-dimensional
metric which is not suitable for our analysis. The proposal to deal with this problem is to use
anisotropic conformal infinity as the spacetime where BMSFT lives on it. This proposal has been
succefully used in [10, 11, 12, 13] to compute the charges using flat-space stress tensor. The main
idea goes back to [26] in which the authors have studied anisotropic conformal infinity in the con-
text of holography for the non-relativistic theories. The fact that BMSFTs have ultra-relativistic
conformal symmetry is a hint that the methods of relativistic theories does not work. Currently
we do not know a well-established procedure to define the anisotropic conformal infinity in the
context of the flat-space holography. However, in all of the previous works [10, 11, 12, 13] the
geometry of spacetime on which the BMSFT lives, was the same as the parent CFT whose con-
traction resulted in BMSFT. The only difference is that the AdS radius ℓ must be replaced by an
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appropriate power of Newton’s constant G which has the same dimension as ℓ. If we accept the
lessons of [10, 11, 12, 13], the dual BMSFT of RT solution lives on a spacetime with the following
metric,
ds2 =
r2
G
(−du2 + 2GeP dζdζ¯) . (3.21)
For G = 1 and assuming P as an u-independent function, we can use (3.18) and (3.21) to calculate
the symmetry charges. Before doing this calculation and using the fact that M depends on u,
it is not difficult to show that the conservation equation of stress tensor, ∇µT µν = 0, leads to
(3.19) which is a result of equations of motion in the gravity side. This is a good check for the
correctness of our assumptions.
To calculate the charges Qξ, associated to a symmetry generator ξ, we use the Brown and
York formula [15],
Qξ =
∫
Σ
dσ
√
σvµξνTµν , (3.22)
where Σ is a u-constant surface in the anisotropic conformal boundary, σab is the metric of Σ and
vµ is the unit timelike vector normal to Σ. Using (2.7), (3.18) and (3.21) we find,
Qξ =
1
16π
∫
dζdζ¯eP
[
4fM − (F∂ζ + F¯ ∂ζ¯) (e−P∂ζ∂ζ¯P )] . (3.23)
This is exactly the same as the results of the covariant phase space method in [27].
4 Correlators of stress tensor
We can use (3.18) and (2.11) to find the correlation functions of stress tensor. The procedure is
similar to the CFT case. We assume that the correlators of BMSFT stress tensor are invariant
under the action of the global part of the BMSFT symmetry. Using the asymptotic symmetry
generators (2.7) and the definition of BMS symmetry generators (2.10), the global part is given
by {L0, L±1, L¯0, L¯±1,M00,M01,M10, M11} for fixed and large values of r coordinate.
According to (3.18), the stress tensor components are given in terms of M and P functions.
Thus, in order to vary correlators we need to know the variation of M and P under the action of
the global part of the BMS symmetry. This is given by (2.11). Since δξP = 0, all of the correlators
consisting just P functions are zero. This shows that all of the correlators which do not have at
least one Tuu or Tζζ¯ are zero. Moreover, δξP = 0 expresses that to study asymptotically flat
spacetimes we can restrict ourselves to the class of solutions with particular P functions. The
simplest case is P = 0. As a result, using (3.18) we see that all of the correlators can be
determined by using, {〈M1〉, 〈M1M2〉, 〈M1M2M3〉, · · · } where the index in M i denotes the i-th
insertion corresponding to the point (ui, ζi, ζ¯i). Invariance of the correlators under the action of
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the global part results in
Φ1 := 〈M1〉 = 0 (4.24)
Φ2 := 〈M1M2〉 = C
(ζ1 − ζ2)3(ζ¯1 − ζ¯2)3
(4.25)
Φ3 := 〈M1M2M3〉 = C¯
(ζ1 − ζ2) 32 (ζ1 − ζ3) 32 (ζ2 − ζ3) 32 (ζ¯1 − ζ¯2) 32 (ζ¯1 − ζ¯3) 32 (ζ¯2 − ζ¯3) 32
(4.26)
where C and C¯ are constants. Using (4.24)-(4.26) we find that the non-zero two and three point
functions are 〈T 1uuT 2uu〉, 〈T 1uuT 2ζζ¯〉, 〈T 1ζζ¯T 2ζζ¯〉, 〈T 1uuT 2uuT 3uu〉, 〈T 1uuT 2uuT 3ζζ¯〉, 〈T 1uuT 2ζζ¯T 3ζζ¯〉, 〈T 1ζζ¯T 2ζζ¯T 3ζζ¯〉. The
two point functions are proportional to Φ2 and the three point functions are proportional to Φ3.
Furthermore, the correlators are independent of u coordinate. Our results are in complete agree-
ment with the results of [19] where the correlators of the primary operators of BMSFT have been
calculated by considering highest-weight representation of the BMS4 algebra. Comparing our re-
sults with [19] shows that in the case of the stress tensor operators, the eigenvalues of L0 and L¯0
are 3/2. L0+ L¯0 is identified as the dilatation operator and L0− L¯0 is the rotation operator. Thus
we find that the weight under the dilatation operator is 3. This may be an interesting properties
of the three dimensional BMSFTs and needs more studies.
5 Conclusion
In this paper we generalized the method of [10, 11, 12, 13] to four-dimensional asymptotically
flat RT solutions. On the gravity side the quasi-local stress tensor yields the correct charges of
the BMS symmetry generators. On the field theory side, the structure of correlation functions
are consistent with the previous work [19]. This shows that when an asymptotically flat metric
is given by taking the flat-space limit from an asymptotically AdS spacetime, one can use the
dictionary of AdS/CFT to gain some insights into flat space holography. This paper is the first
step to study BMSFT3 by using the method of [10, 11, 12, 13]. The final goal is to consider a
generic four-dimensional asymptotically flat metric which satisfies the BMS boundary conditions
and find quasi-local stress tensor correlators.
In all of our calculations in this paper and [10, 11, 12, 13] it is assumed that BMSFTs live on
the anisotropic conformal infinity of the asymptotically flat spacetimes. Its metric can be found
when the asymptotically flat geometry is given by taking the flat-space limit of an asymptotically
AdS spacetime. However, it is still an open question to develop a systematic procedure to find
the anisotropic conformal infinity in the context of flat-space holography.
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